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We discuss the pricing methodology for Bonus Certificates and Barrier Reverse-Convertible Struc-
tured Products. Pricing for a European barrier condition is straightforward for products of both
types and depends on an efficient interpolation of observed market option pricing. Pricing products
with an American barrier condition requires stochastic modelling. We show that for typical market
parameters, this stochastic pricing problem can be systematically reduced to evaluating only one
fairly simple stochastic parameter being the asymmetry of hitting the barrier. Eventually, pricing
Bonus Certificates and Barrier Reverse Convertibles with an American barrier condition, shows to
be dependent on stochastic modelling only within a range of ± 2
3
of accuracy - e.g. within this
accuracy limitation we can price these products without stochastic modelling. We show that the re-
maining price component is weakly dependent on the stochastic models. Combining these together,
we prove to have established an almost model independent pricing procedure for Bonus Certificates
and Barrier Reverse-Convertible Structured Products with American barrier conditions.
I. INTRODUCTION
Structured Products constitute a large part of the
modern financial world. The way that those products
are structured gives the opportunity for investors to have
access to complex derivatives on a large variety of under-
lying assets. Due to the fact that they are pre-packaged
investments they can be created in such a way that they
satisfy varying risk/reward preferences.
In their effort to make the product more attractive for
the investors, the issuers often introduce some additional
features the existence of which transforms the payoff of
the instruments. One very popular feature is the intro-
duction of a Barrier level. Depending on the structure of
each product the role of the Barrier can be different. In
any case, the introduction of a Barrier makes the pricing
exEBRCise of such products much more challenging.
In this study we focus on the pricing of the Bonus
Certificate and on the Barrier Reverse Convertible Prod-
uct. The Bonus Certificate is attracting investors as it
offer an have unlimited participation on the upside of
the underlying asset together with some kind of protec-
tion depending on the event of the underlying hitting the
Barrier level.
The Barrier Reverse Convertible is offering a yield-
enhanced profile as long as the Barrier level is not
breached. This yield-enhancing property is very inter-
esting, especially in the current environment character-
ized by very low return rates on conventional investment
instruments.
For both instruments, breaching the barrier level is
drastically affecting the performance. For European in-
struments, the breaching event occurs at the end of the
life-cycle and calculating the probability of such a breach
can be done using a probability distribution derived from
interpolated option prices. Moreover, the valuation of a
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European product is functional on such a probability dis-
tribution and no path-dependent stochastic calculations
are needed to perform the valuation.
For American instruments, the breaching event occurs
whenever the price crosses the barrier level during the
life-cycle of the product. Calculating the probability of
such a breach requires path dependent stochastic calcu-
lus. At the first look, Bonus Certificates and Barrier
Reverse Convertibles are strongly path dependent which
means that a profound stochastic calculation is required
to properly value these products. Such a strong path-
dependent calculation leads to two potentially difficult
issues:
(a) The choice of a stochastic model is not free of am-
biguity and the final choice may strongly affect the
result which is a non-desired feature.
(b) Assuming that a stochastic model is selected, it
needs to be calibrated to option market data and
resolved via Monte-Carlo calculation where both
processes potentially complex and error-prone.
The central result of this paper is that we show that
for typical market configurations relating to the market
volatility levels and the barrier levels, stochastic mod-
elization can be drastically simplified and the valuation
of both the American Bonus Certificate (ABC ) and the
American Barrier Reverse Convertible (ABRC ) depends
only on one path-dependent parameter - the ratio of the
amount of trajectories that have hit the barrier and ended
above the barrier relative to the number of trajectories
that have hit the barrier and ended below the barrier.
As shown in this paper, the quite typical condition of
separation between the barrier and the strike described
as B  S0 < K allows, with good approximation, to
price the ABC contract
ΠmodelABC
∼= K− (K−B)(pmodelH+ +pH−)+Call(K,S0) (1)
In the above equation (1), only pmodelH+ (the probabil-
ity of hitting the barrier and ending above and pH− is
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2the same but ending below) is depending on a stochastic
model e.g. is path dependent. The remaining parameters
(pH−, Call(K,S0) are to be calculated from an interpo-
lation of option price data. We rewrite this result as
ΠmodelABC
∼= K−(K−B)(2+δmodel)pH−+Call(K,S0) (2)
with δmodel =
pmodelH+ −pH−
pH−
. Taking δmodel = 0 the basic
“model-free” approximation. Practical examples show
that this gives the correct market price with an accuracy
of ± 23%.
Accounting for the “correct” value of δmodel requires
using a specific stochastic model calibrated to the ob-
served Volatility surface. As discussed in this paper, us-
ing two models with a quite different logic, gives a differ-
ence of no more that ±0.5%. This leads us to the con-
clusion that pricing the American Bonus Certificate goes
via a very efficient and weakly model dependent mod-
elization. As shown separately, the same logic applies to
the American Barrier Reverse Convertible Product.
II. THE BONUS CERTIFICATE PRODUCT
WITH A SINGLE UNDERLYING
Bonus Certificate contracts (BC contracts) are based
on the barrier payment rule described on the picture be-
low:
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FIG. 1: Bonus Certificate payoff.
We shall focus on C contracts that are based on a
single underlying. In such a case the payment mechanism
is typically described by two parameters; the Barrier B
and the Strike K.
For the contract with European Barrier condition
(EBC ), depending on the value of the underlying at ex-
piry, the payoff of the contract is as follows:
(a) if ST ≥ B then the contract pays at the end C0 =
max(ST ,K).
(b) if ST < B then the contract pays at the end C1 =
ST .
As seen from the above, as long the barrier is not
breached at the end, the contract pays higher than its
initial value.
For the American Bonus Certificate product (ABC ),
the mechanism is different. If during the contract dura-
tion the barrier is not breached e.g. S0<t<T > B, the
contract pays at the end the following amount:
C0 = max(ST ,K) (3)
If the barrier has been breached e.g. for some t′ we
had St′ ≤ B, the payoff is proportional and no longer
protected by the barrier:
C1 = ST (4)
Such contracts are available on the market for a va-
riety of underlyings. The typical parameters are such
that the barrier and strike level are about 70% and 105%
receptively of the initial spot price.
A. Pricing the European Bonus Certificate
We shall be pricing the EBC contracts using interpo-
lated probabilities described in Appendix A.
For the EBC the probability distribution of the under-
lying at expiry is determining the value of the product.
Eventually the expected payoff of the EBC contract is:
ΠinterpolatedEBC = Π
a
BN + Π
b
BN + ΠBH (5)
ΠaBN = K
∫ K
B
dφ ρinterpolatedT (φ) (6)
ΠbBN = K +
∫ ∞
K
dφ (φ−K)ρinterpolatedT (φ)(7)
ΠBH =
∫ B
−∞
dφφρinterpolatedT (φ) (8)
As we see, the price constitute of three terms:
(a) for B ≤ ST ≤ K the the payoff is C0 = K
(b) for ST > K we get Π
b
BN
(c) for ST < B we get ΠBH .
We can rewrite the payoff of the EBC contract as
3ΠinterpolatedEBC = Π
α
BN + Π
β
BN + Π
α
BH −ΠβBH (9)
ΠαBN = K
∫ ∞
B
dφ ρinterpolatedT (φ) (10)
ΠβBN =
∫ ∞
K
dφ (φ−K)ρinterpolatedT (φ) (11)
ΠαBH = B
∫ B
−∞
dφ ρinterpolatedT (φ) (12)
ΠβBH =
∫ B
−∞
dφ (B − φ)ρinterpolatedT (φ) (13)
The above formulae uses:
Call(K,S0) =
∫ ∞
K
dφ (φ−K)ρinterpolatedT (φ) (14)
Put(B,S0) =
∫ B
−∞
dφ (B − φ)ρinterpolatedT (φ) (15)
pH− =
∫ B
−∞
dφφρinterpolatedT (φ) (16)
Eventually the payoff of the EBC contract is:
ΠinterpolatedEBC = K−(K−B)pH−+Call(K,S0)−Put(B,S0)
(17)
All of the quantities involved above require calculating
the probability density ρinterpolatedT (φ). The latter is done
using the formulas:
ρinterpolatedT (φ ≤ S0) =
∂2
∂φ2
PutinterpolatedT (φ ≤ S0)
(18)
ρinterpolatedT (φ > S0) =
∂2
∂φ2
CallinterpolatedT (φ > S0)
(19)
The expression for the interpolated option prices ad-
justed to the observed market data are described in Ap-
pendix A together with the fitting procedure. The inter-
polation is based on a two-step adjustment:
(a) The market prices are fitted to a formula extending
on the option prices following the SABR stochastic
model
(b) An adjustment is made for the tail prices
The analysis of the correspondence between market
data and fitted prices is discussed in Chapter 5.
B. Pricing the American Bonus Certificate product
Following on the conditional probabilities defined in
Appendix B, the expected payoff of the ABC contract
is:
ΠmodelABC = Π
a
BN + Π
b
BN + ΠBH (20)
ΠaaBN = K
∫ ∞
B
dφ ρmodelBN (φ) (21)
ΠbbBN =
∫ ∞
K
dφ (φ−K)ρmodelBN (φ) (22)
ΠBH =
∫ ∞
−∞
dφφρmodelBH (φ) (23)
In the above we use the probability density conditional
on the barrier not being hit (ρmodelBN (φ)) and conditional
on the barrier being hit (ρmodelBH (φ)). We can resolve im-
mediately:
ρinterpolatedBH (φ < B) =
∂2
∂φ2
PutinterpolatedT (φ ≤ B) (24)
The above follows from the fact that if ST < B
the barrier must have been hit so ρBH(φ < B) =
ρinterpolatedT (φ ≤ B). Separately if the barrier has been
hit before maturity, the martingale property underlying
the stochastic models leads to:
∫ ∞
−∞
dφφρmodelBH (φ) = B (25)
We further use an approximation for the part given in
(22) (the approximation consist of neglecting the contri-
bution from trajectories that hit the barrier and eventu-
ally ended above the strike – see Appendix B:
ΠbbBN =
∫ ∞
K
dφ (φ−K)ρmodelBN (φ) (26)
∼=
∫ ∞
K
dφ (φ−K)
(
ρmodelBN (φ) + ρ
model
BH (φ)
)
(27)
=
∫ ∞
K
dφ (φ−K)ρmodelT (φ) = Call(K,S0) (28)
We define the model independent pH− (breach-
and-down) together with the model dependent pmodelH+
(breach-and-up) probabilities:
pH− =
∫ B
−∞
dφ ρinterpolatedT (φ) (29)
pinterpolatedH+ =
∫ ∞
B
dφ ρmodelBH (φ) (30)
4The probability pH− corresponding to breaching the
barrier St < B and ending below the barrier at termina-
tion (ST < B) is path-independent and is to be calcu-
lated from the probability distribution of the underlying
at expiration ρinterpolatedT (φ).
The probability pmodelH+ corresponding to breaching the
barrier St < B and ending above the barrier at termina-
tion (ST > B) is path-dependent and cannot be deduced
solely from the distribution ρinterpolatedT (φ).
Eventually we combine the two and obtain the expres-
sion for the price of the American Bonus Certificate:
ΠmodelABC
∼= K−(K−B)(2+δmodel)pH−+Call(K,S0) (31)
With the δmodel parameter:
δmodel =
pmodelH+ − pH−
pH−
(32)
The zero-level result is obtained for δmodel = 0 which
corresponds to using a Volatility Surface without skew.
The parameters (pH−, Call(K,S0)) are to be calculated
form interpolated option data which is a model indepen-
dent procedure. As shown in Chapter 5, analyzing mar-
ket data shows that this crude approximation gives an
accuracy of ± 23%. This result is contrary to the com-
mon belief, that a detailed stochastic calculus, typically
basing on a Monte-Carlo calculation, is needed to cal-
culate the valuation of the American Bonus Certificate
(the same result applies to the American Barrier Reverse
Convertible).
To get a further insight, the parameter δmodel needs
to be calculated using a stochastic model. It is func-
tional on the amount of trajectories that have hit the
barrier before maturity and have ended above the bar-
rier. In Appendix B we have calculated δmodel calibrated
to two market data sets using two different stochastic
models. The conclusion is that the variation of δmodel is
affecting the valuation of the ABC product by less than
±1%. Such conclusions are not general but they reflect
the typical relation between market volatility levels and
the barriers levels.
III. PRICING THE MONO BARRIER REVERSE
CONVERTIBLE PRODUCT
The Barrier Reverse Convertible contracts (RC con-
tracts) are based on the barrier payment rule de-
scribed on the picture below (we consider again only
single/mono-underlying products:
We shall focus on BRC contracts based on a single un-
derlying with the following relation between the coupon
(C0 = S0 +R) and the barrier level (B): B ≤ 34C0.
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FIG. 2: Barrier Reverse Convertible payoff.
A. Pricing the European mono Barrier Reverse
Convertible
A European Barrier Reverse Convertible contracts
(EBRC ) pays a yield-enhanced payoff C0 = S0 + R if
at contract maturity the underlying is above the barrier
level (ST ≥ B). In the opposite case (ST < B), the con-
tract pays at maturity C1 = ST , which means that the
loss is potentially unlimited.
Pricing the European Barrier Reverse Convertible con-
tract goes along the same lines as for the EBC contract
- we integrate the probability distribution obtained from
interpolating option prices the contract payoff:
ΠinterpolatedEBRC = ΠBN + Π
a
BH −ΠbBH (33)
ΠBN = (S0 +R)
∫ ∞
B
dφ ρinterpolatedT (φ) (34)
ΠaBH = B
∫ B
−∞
dφ ρinterpolatedT (φ) (35)
ΠbBH =
∫ B
−∞
dφ (B − φ)ρinterpolatedT (φ) (36)
Eventually the EBRC price has a simple form:
ΠinterpolatedEBRC = S0 +R− (S0 +R−B)pH− − Put(B,S0)
(37)
B. Pricing the American mono Barrier Reverse
Convertible
An American Barrier Reverse Convertible contracts
(ABRC ) pays a yield-enhanced payoff C0 = S0 + R if
at any time t during the contract duration the barrier
level was not breached e.g. S(0 < t ≤ T ) ≥ B . In the
opposite case ST < B , the contract pays at maturity
5C1 = ST , which again means that the loss is potentially
unlimited.
Pricing the American Barrier Reverse Convertible re-
quires using the conditional probabilities
ΠmodelABRC = ΠBN + Π
a
BH + Π
a
BH (38)
ΠBN = (S0 +R)
∫ ∞
B
dφ ρmodelBN (φ) (39)
ΠaBH =
∫ S0+R
−∞
dφφρmodelBH (φ) (40)
ΠbBH = (S0 +R)
∫ ∞
S0+R
dφ ρmodelBH (φ) (41)
Again we calculate the breach-and-down probability
pH− and the breach-and-up probability pmodelH+ . We also
use an approximation following the assumptions involved
in deriving Eq.(22) (see Appendix B):
ΠaBH =
∫ S0+R
−∞
dφφρmodelBH (φ) (42)
∼=
∫ ∞
−∞
dφφρmodelBH (φ) = B (43)∫ ∞
S0+R
dφ ρmodelBH (φ)
∼= 0 −→ ΠbBH ∼= 0 (44)
Eventually the ABRC price has the form:
ΠmodelABRC
∼= S0 +R− (S0 +R−B)(2 + δmodel)pH− (45)
As expected, the form of the ABRC price is very sim-
ilar to the ABC price. Again for typical values of the
market volatility levels and for barriers corresponding to
60%-70% of the underlying level, we can calculate the
value of ΠmodelABRC using δ
model = 0 and this will lead to an
accuracy not worse than ±3% . Resolving for a better
pricing accuracy requires using a stochastic calculation
for δmodel 6= 0. While the calculation of δmodel requires
calibration to the Volatility Surface and is model sensi-
tive, the sets of market parameters that we have discussed
in Appendix C leads to a conclusion that a price accuracy
of ±1% can be obtained and this result includes discrep-
ancies related to choosing alternative stochastic models.
IV. ANALYSING MARKET DATA
A. Product Selection
For the purpose of this study we have chosen to price
two Bonus Certificates which are listed on the Swiss mar-
ket (SIX Swiss Exchange AG). Both of them are single
underlying products. The underlying of the first product
(with ISIN CH0245337099) is the S&P 500 Index while
the second one (with ISIN CH0245336034) is written on
the EURO STOXX50 Price Index. The first instrument
has the barrier observation only at maturity (European
Bonus Certificate) whereas the barrier observation for the
second one is continuous (American Bonus Certificate).
The reasoning behind the selection of those specific prod-
ucts has to do with the fact that in this study we are inter-
ested in examining the behaviour of structured products
written on indices instead of individual stocks. That is
because options on the main indices exhibit some stan-
dardized patterns. Moreover, due to the large demand
and liquidity of such options the task of finding and ex-
tracting data of both good quality and sufficient quantity
becomes much more feasible. Finally, we choose single
underlying products and not Basket Bonus Certificates
due to the additional difficulty that such products ex-
hibit that is mainly created by the necessity of modeling
the correlation between the underlyings included in the
basket, a topic which is beyond the scope of this study.
B. European Bonus Certificate
1. Data Selection
We have chosen to price the European Bonus Certifi-
cate written on the S&P 500 for seven different pricing
dates starting on 02/02/2015 and ending on 30/11/2015
(See Appendix for detailed representation of datasets).
The reason why we choose these dates is because the
maturity of this product is up to three years which in
turn means that for pricing purposes we need call and
put prices on plain vanilla options with underlying as-
set the S&P 500 Index. However, since we can not find
quotes for options on S&P 500 with maturity longer than
2.5 years we are obliged to set our first pricing date on
02/02/2015. Another reason why we have selected those
specific days has to do with the variety of levels at which
the product is priced on the selected dates. As it will be
shown and discussed in further detail later on, the market
prices for the chosen dates are quite different spanning
from the level of $189.7 to $207.
For each of the above selected dates, we have decided to
download prices of both call and put options for all strikes
and all available maturities (longer than two months) on
the S&P 500. These prices are calibrated using the three
different models described in the Appendix A. The cali-
bration results are about to determine the model which
we are going to use in order to price our product. More-
over, the calibrated parameters are essential to the pric-
ing of the European Bonus Certificate since they enter
(17) through pH− which as mentioned in Chapter 2 is cal-
culated using the cumulative density function obtained
by the model at hand.
62. Results
We have chosen to price the European Bonus Cer-
tificate (EBC ) using the Static Shifted Log-Lognormal
Model (SSLN) as well as the SABR (β = 1). As one can
see from our calibration results, the ρ parameter for the
SABR (β = 1) model is very often equal to 0.99. In that
case the SABR (β = 1) model becomes the so-called Ex-
ponential SLN. The method that we use consists of the
following steps. First, we calibrate the observed mar-
ket prices of the options for all the available dates. For
the two dates, the one before and the one right after the
product maturity date we interpolate the model gener-
ated prices after using the optimal calibrated parameters
for each date. Second, we obtain our parameters cor-
responding to the desired date after fitting higher order
polynomials for better accuracy. For more details regard-
ing the polynomial fits and the interpolation results see
Appendix A. Finally, after having a set of optimal and in-
terpolated parameters for each pricing date we plug them
into equation (17) to get the model price.
As it can be seen form Table I the prices obtained
by both models are close to the market price. The
SSLN seems to give an overpriced value of 2.07% on
average while the SABR (β = 1) is 1.87% off on average
(in absolute terms).This results seems to be consistent
with our assumption that the prices obtained using
either SSLN or SABR should not exhibit a significant
difference since the fitting of the market prices around
the barrier level of 79.5% seems negligible (see figure
with barrier).
Price Date Market Price SSLN Price SABRβ=1Price
02/02/2015 194.1 199.87 (2.97%) 195.99 (0.98%)
24/03/2015 205.2 208.56 (1.64%) 204.11 (-0.53%)
26/05/2015 206.1 209.28 (1.54%) 202.51 (-1.75%)
24/08/2015 189.7 189.77 (0.04%) 185.43 (-2.25%)
22/09/2015 191.5 195.14 (1.90%) 194.42 (1.52%)
22/10/2015 202 205.03 (1.50%) 196.85 (-2.55%)
30/11/2015 207 208.89 (0.92%) 199.73 (-3.51%)
TABLE I: European Bonus Certificate pricing
results.The number in parenthesis is the error between
the model and the market.
C. American Bonus Certificate
1. Data Selection
For the case of the American Bonus Certificate we have
chosen again seven different pricing dates starting on
08/07/2014 and ending on 01/09/2015. Since the ma-
turity of this product is two years, it is possible to start
pricing it at the initiation (first listing date) since we are
able to obtain put and call prices on the EUROSTOXX
500 Price Index for maturities longer than two years.
Again, as in the case of the European Bonus Certificate,
the date selection is made in such a way that different
levels in the lifetime of the product are reflected. The
pricing range in that case spans from 90.2% to 108.3%.
We follow exactly the same steps as in the case of the
European product, obtaining call and put prices for all
available strikes and maturities on the EUROSTOXX 500
and then calibrating them using the models mentioned in
the previous section.
2. Results
For the American Bonus Certificate we use the same
procedure as in the European one, however we go one step
further by making use of the Monte Carlo method which
is necessary to compute the delta parameter that enters
into equation (1.2). We perform Monte Carlo (MC) sim-
ulations using two different models, the Static q SLN, the
Dynamic q SLN. For the dynamic q case we choose to run
our MC simulation after assuming that q follows a power-
law (see Appendix). However, as Table II shows, it is re-
markable that the most accurate prices are obtained by
the SLN after assuming that the δ parameter is equal to
0. More specifically, the average absolute difference be-
tween the model and the market prices are 1.08%, 2.26%
and 2.37% for SLN plus δ = 0, SSLN MC, and Dynamic
SLN MC respectively.
V. CONCLUSION
Bonus Certificates and Barrier Reverse Convertible
contracts are popular Barrier Structured Products. Pric-
ing these products for a European Barrier condition can
be done providing option price data matching the expiry
of the selected Structured Product are available. If so,
a standard pricing methodology based on interpolating
option prices can be applied. In this paper we have dis-
cussed an interpolating methodology based on extrapo-
lating the SABR formulas. We eventually conclude, that
for a wide range of market parameters, such an inter-
polation can be restrained to the most elementary level
consisting of using Shifted-Log-Normal based pricing.
American Bonus Certificates (ABC ) and American
Barrier Reverse Convertible (ABRC ) contracts are path
sensitive products. Their pricing is typically regarded
as requiring a full stochastic modelization requiring cal-
ibration to the entire Volatility surface and typically a
Monte-Carlo calculation to find the correct pricing.
The data analysis presented herein is showing, that
both the price of ABC and ABRC products can be de-
scribed as a sum on strongly decreasing terms. Sur-
prisingly, for a quite wide range of market and prod-
uct parameters, the leading terms which are carrying
7Price Date Market Price SLN(plus δ = 0) SLN Static MC SLN Dynamic MC
08/07/2014 97.6 94.82 (-2.85%) 94.37 (-3.30%) 94.12 (-3.56%)
08/08/2014 90.2 89.93 (-0.30%) 91.77 (1.74%) 91.66 (1.62%)
19/09/2014 96.8 97.20 (0.42%) 96.16 (-0.66%) 96.01 (-0.81%)
28/11/2014 97 96.26 (-0.75%) 95.36 (-1.69%) 95.29 (-1.76%)
03/02/2015 102.1 99.81 (-2.24%) 98.54 (-3.48%) 98.32 (-3.70%)
01/06/2015 108.3 108.77 (0.44%) 106.57 (-1.59%) 106.48 (-1.68%)
01/09/2015 96.65 97.20 (0.57%) 99.90 (3.37%) 99.96 (-3.43%)
TABLE II: American Bonus Certificate pricing results.The number in parenthesis is the error between the model
and the market.
no less than 96%-97% of the product value, are path-
independent e.g. can be calculated without stochastic
modelization.
The expressions for the value of the and of the products
have the following form:
ΠmodelABC = K − (K −B)(2 + δmodel)pH− + Call(K,S0)BC
(46)
ΠmodelABRC = K − (K −B)(2 + δmodel)pH− + RC (47)
In both prices the contribution form the correction
terms (BC , RC) is affecting the price of less than±0.5%.
The quantities pH− and Call(K,S − 0) are to be calcu-
lated from interpolated option at-maturity prices.
The linear terms proportional to δmodel are the only
one which are reflecting the path-sensitive aspect of the
prices (46) and (47). The parameter has a simple mean-
ing being proportional probability of breaching the bar-
rier and ending above it versus breaching the barrier and
ending below it. This means that stochastic calculations
can be reduced to calculating only.
Stochastic calculation of requires selecting a stochastic
model, calibrating it to the Volatility Surface and later
on calculating the path dependent value. All these steps
are prone to errors with an additional ambiguity of select-
ing the right stochastic model. Yet these potential errors
and discrepancies are further “compressed” as they con-
tribute to a component that carries no more than 130 of
the total price. Eventually, for typical parameters of and
products, we can determine its price with an accuracy of
no less that ±1% including discrepancies caused by using
alternative stochastic models to calculate.
We conclude that in a typical scenario relating mar-
ket volatilities and the parameters of a single-underlying
product the following inequality applies:
3
2
K −B
K
≥ σATM1year
√
∆T (48)
e.g. the barrier level follows:
B ≤ K(1− 2
3
σATM1year
√
∆T
)
(49)
In the above equation (48), σATM1 year is the volatility of
1 year options on the underlying in question and ∆T is
the duration of the product at initiation.
Assuming that (48) is holding, we can make an ap-
proximation and disregard the density of trajectories that
starts at, reaches the barrier at some stage and eventu-
ally ends above the strike. If this assumption is correct,
pricing of the American Bonus Certificates and American
Barrier Reverse Convertible contracts is greatly simpli-
fied and we end with the expressions (46) and (47).
The result given by the δ-expressions gives an insight
into the influence of the skew and smile of the Volatility
Surface on the product prices - namely all is reflected
solely in the δmodel parameter and selecting δmodel = 0
corresponds to using a symmetric diffusion model.
In summary we have shown that Bonus Certificates
and Barrier Reverse Convertible contracts with both
American and European barrier conditions can be priced
with a very similar accuracy, while the pricing for Amer-
ican products has a relatively small path-dependent in-
gredient.
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9Appendix A: Pricing Vanilla products and
interpolating market option prices
Vanilla Call and Put options are functional on the
probability distribution (e.g. on the probability density
ρ(φ)) at expiration:
Call(K,S0, t, T ) = V Dt,T
∫ ∞
K
dφ (φ−K)ρ(φ) (A1)
Put(K,S0, t, T ) = V Dt,T
∫ K
−∞
dφ (K − φ)ρ(φ) (A2)
Where Dt,T is the discount factor and V is the Vol-
ume factor. The above expressions can be extended to
a Vanilla Structured Product (SP) with arbitrary payoff
function f(φ):
ΠV anillaSP (S0, t, T ) = V Dt,T
∫ ∞
−∞
dφ f(φ)ρ(φ) (A3)
The European Bonus Certificate and the European
Barrier Reverse Convertible products fall in the category
described by equ. (A3)
The distribution of the underlying has the general form
ρ(Ft,T , t, T ;φ) and its mean value is called the Forward
Ft,T =
∫∞
−∞ dφφρ(φ).
The evolution of the probability distribution
ρ(Ft,T , t, T ;φ) is typically assumed to follows a martin-
gale stochastic motion.
The shape of the forward curve Ft,T and the discount-
ing function Dt,T can be determined from market data
and easily superimposed on the stochastic models that
we are using. For the sake of simplicity, all formu-
las presented in this paper will use the approximation
Ft,T = S0 ≡ F and Dt,T = 1 together with V = 1 the
assumption, whereas in the calculations we use V = 1
while the shape of the Forward and Discount curve are
adjusted to market data.
We start with pricing Vanilla products expiring at
t = T under the assumption, that market prices of op-
tion expiring at the same date, or very close to it, are
available. In such a case, basing on a selected stochastic
or extrapolating model, we find the interpolated prices
of Vanilla options. Using these prices, we calculate the
cumulative (cdf) probability distribution:
DinterpolatedT (φ ≤ S0) =
∂
∂φ
PutinterpolatedT (φ ≤ S0) (A4)
DinterpolatedT (φ > S0) = 1−
∂
∂φ
CallinterpolatedT (φ > S0)
(A5)
We shall use several models to interpolate observed
option market prices. For all of them we adjust the model
parameters using the least square principle and minimize
the quantity E2 following:
E2 =
n∑
j=1
(PutmarketT (φj ≤ S0)− PutmodelT (φj)
PutmarketT (φj ≤ S0) + PutmodelT (φj)
)2
+
n∑
i=1
(CallmarketT (φi > S0)− CallmodelT (φi)
CallmarketT (φi > S0) + Call
model
T (φi)
)2
(A6)
On that basis we calculate ρinterpolatedT (φ) following the
formulas (18) and (19).
For interpolating market data option prices, we use
alternatively three models:
(A) The Shifted Log-Normal Model
The SLN model follows:
DSLN (K) = N0(−d2) (A7)
CallSLN = DV ×(
(F −K)N0(d2) + F
q
(
N0(d1)−N0(d2)
))
(A8)
PutSLN = DV ×(
(K − F )N0(−d2) + F
q
(
N0(−d1)−N0(−d2)
))
(A9)
where σ¯ = σq
√
T − t, d1,2 = − 1qσ¯ ln
(
1 + qK−FF
)±
1
2qσ¯.
The Shifted Log-Normal Model has two parameters
to be adjusted to the market: σ¯ and s = qσ¯. The
first parameter is almost proportional to the price
of the at-the-money option:
ΠSLNATM =
FDV σ¯
s
(
2N0(
s
2
)− 1) ∼= FDV σ¯√
2pi
(A10)
The second parameter s is related to the near-at-
the-money asymmetry of the call and put option
prices. For s = 0 we have “no-skew”, e.g. option
prices obeys symmetric Bachelier pricing.
The SLN model is typically giving a good descrip-
tion of near-at-the-money options, while it often
cannot reproduce prices for very distant strikes. On
the findings of the analysis discussed in this paper,
is that when analysing the features of barrier prod-
ucts on skewed markets, the market interpolation
provided by the SLN model often proves satisfac-
tory.
(B) The SABR pricing
The SABR stochastic [3, 9] model is very widely
used in option pricing. The approximated yet typ-
ically accurate expressions for option prices are
10
given through strike dependent Implied Volatilities
σ¯SABRN (x), (x =
K−F
F ). The Put and Call price
follows the Bachelier price with adjusted Volatility.
For the Put price we get:
PHaganSABR (F,K, σ¯1)
∼= F × (A11)(
xN
[
x
σ¯SABRN (x)
]
+
σ¯SABRN (x)√
2pi
e
− 12
(
x
σ¯SABR
N
(x)
)2)
The Cumulative probability has no known analytic
expressions, but we easily use:
DHaganSABR (K) =
∂
∂K
PHaganSABR (F,K, σ¯1) (A12)
= N
[
x
σ¯SABRN
]
(A13)
+
(
∂
∂K
σ¯SABRN (x)
)
e
− 12
(
x
σ¯SABR
N
(x)
)2
√
2pi
In our analysis we use the Hagan prices as an inter-
polation tool hence we do not adjust the parame-
ters of the solutions to the parameters of the SABR
stochastic equation, but we use parameters directly
linked to observed prices:
σ¯SABRN (K) = σ¯1
ξ
H(ξ)
(A14)
ξ =
ν
√
∆t
σ¯1
1
1− β
(
1− (1− x)1−β) (A15)
H(ξ) = ln
(√
1− 2ξρ+ ρ2 + ξ − ρ
1− ρ
)
(A16)
For β = 0 we get ξ = xν
√
∆T/σ¯1 while for β = 1
we get ξ = ln(1 + x)ν
√
∆T/σ¯1.
The SABR parametrization involves 4 parameters
(σ¯1, ρ, ν, β) with −1 ≤ ρ ≤ 1 and 0 ≤ β ≤ 1.
Again the first parameter is proportional to the
ATM price, while the 3 others are describing the
shape of the option price curve. Quite often we
involve alternatively β = 0 or β = 1 , yet in our
approach we treat all parameters as interpolation
tools.
(C) Extrapolated SABR/SLN-HEX pricing
The SABR pricing is often efficient, yet still adjust-
ments may be needed to improve modelling practi-
cal market prices. We use a further extrapolation
which is based on so-called HEX prices introduced
some time ago by one of the author of this work
[6]. The HEX (from Hyperbolic Exponential) op-
tion prices follows from the observation, that for
any set of call and put option prices we can use the
following expression for the prices:
CallHEX =
ΠATM
ln(2)
[1 + exp(−χC(x))] (A17)
PutHEX =
ΠATM
ln(2)
[1 + exp(χP (x))] (A18)
If we use a linear expression for χCP (x) =
−xF ln(2)/ΠATM , we get a cumulative probability
distribution being hyperbolic tangent.
The extension to the previously discussed SABR
pricing goes via the formulas:
χP (x < 0) = χ
SABR
P ;σ¯1,ρ,ν,β(x) + ϑ
3
L(x) exp(−a/x2)
(A19)
χC(x > 0) = χ
SABR
C;σ¯1,ρ,ν,β(x) + ϑ
3
R(x) exp(−a/x2)
(A20)
with ϑ3L(x) and ϑ
3
R(x) being two independent third
order polynomial with no constant terms. The
leading term χSABRσ¯1,ρ,ν,β(x) is calculated from the
SABR prices following:
χSABRP ;σ¯1,ρ,ν,β(x) + ln
(
2P
Hagan
SABR /ΠATM )− 1
)
(A21)
χSABRC;σ¯1,ρ,ν,β(x) + ln
(
2C
Hagan
SABR /ΠATM )− 1
)
(A22)
We first establish the Hagan parameters (σ¯1, ρ, ν,
β) and next improve the interpolation with adding
the six parameters of ϑ3L(x) and ϑ
3
R(x).
We can also use the SABR/Hagan parameters cor-
responding to the SLN model (the SLN expressions
are the only known exact solutions if the SABR
stochastic equations) and add corrections follow-
ing the HEX polynomials discussed above. Such
a SLN-HEX extrapolation procedure proves often
efficient and even better that the pure SABR inter-
polation.
To analyse market features related to pricing a realis-
tic Structured Product, we consider a European S&P500
Bonus Certificate priced 817 days ahead of expiry. This
product has a shutting down barrier at 79.5% of the
initial underlying level. On that day the structure of
European Options on the S&P500 nearly matching the
maturity of the product had the following structure as
compared to the SABR-HEX price interpolation FIG. 3:
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FIG. 3: Fitting results of the SLN model and HEX
extrapolation corrections
As we see the SLN pricing gets correctly the near-ATM
characteristics of the Volatility Surface, while the HEX
extrapolation corrections allow getting a reasonable in-
terpolation of far strikes. Eventually we deal with a 2+6
parameters interpolation which proves a bit more effi-
cient that the 4 parameter SABR interpolation. Pricing
Structured products is dependent on the Put price in-
terpolated at the Barrier, the Call Price interpolated at
the Strike and the Cumulative probability of ending be-
low the barrier (pH−). The latter is proportional to the
derivative of the interpolated Put price:
Dinterpolatedmodel (K = B) =
1
DV
∂
∂K
Dinterpolatedmodel (K)
(A23)
Eventually, we need to interpolate very accurately the
Put prices for K ∼= B and the Call prices for K ∼= S0 +R.
The comparison between the interpolation done using the
SLN and SABR models looks as follows FIG. 4:
 
 
60
70
80
90
100
110
120
130
140
70% 75% 80% 85% 90%
Market C/P
SABR
SLN
FIG. 4: SLN and SABR interpolation.
The SLN interpolation compared to the SLN-HEX in-
terpolation looks as follows FIG. 5:
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FIG. 5: SLN and SLN-HEX interpolation.
The end conclusion is that for pricing Vanilla Struc-
tured products, such as the Bonus Certificates and Bar-
rier Reverse Convertible contracts discussed herein, using
SLN near-ATM price interpolation to get an overall price
accuracy not worse than ±1%. This follows the barriers
lying in the range 0.65S0 ≤ B ≤ 0.8S0 with volatility
levels not higher than σATM1year
√
∆T ≤ 30%.
Appendix B: Conditional probabilities and key
approximations
Path dependent calculations require using martingale
stochastic model. We typically use the following type of
models (Ft,T is the forward price curve):
S˜t = Ft,T X˜t (B1)
dX˜t = Λ˜(t, σ˜t, q, X˜t) (ρdV˜t +
√
1− ρ2dW˜t) (B2)
Where Λ˜ is dependent on the stochastic model. For the
Shifted Log Normal model we have Λ˜SLN = σt(1 + qf˜t.
We eventually shall use two alternative models to fit the
Volatility surface:
Λ˜SLN = σt (1− q + qtX˜t) (B3)
Λ˜SABR = σt (X˜t)
β exp
(
νV˜t − ν22 t
)
(B4)
Note that for σt = σ0 and ρ = ±1 the SABR β = 0
model is coincident with the SLN model [5].
We first calibrate the models to match option pricing
for selected pricing dates and on that basis calculate the
probability densities for two conditional probability dis-
tributions. Density of trajectories that have not hit the
barrier ρmodelBN (φ) and density of trajectories that have hit
the barrier ρmodelBH (φ).
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We notice that:
ρmodelBN (φ ≥ B) + ρmodelBH (φ ≥ B) = ρinterpolatedT (φ ≥ B)
(B5)
ρmodelBH (φ ≤ B) = ρinterpolatedT (φ ≤ B)
(B6)
Further we define the probability of hitting the barrier
and ending above the barrier
ρmodelH+ =
∫ ∞
B
dφ ρSABRBH (φ) (B7)
And the probability of hitting the barrier and ending
below the barrier:
ρH− =
∫ B
−∞
dφ ρmodelBH (φ) =
∫ B
−∞
dφ ρinterpolatedT (φ ≤ B)
(B8)
We stress again, that ρinterpolatedT (φ) follows the in-
terpolated market option prices (18) and (19). These
probabilities densities are not conditional on hitting the
barrier and are solely dependent on interpolated market
option prices - hence “model-independent”. As discussed
in Chapter 3, within the range of considered market and
product parameters, numerical Monte-Carlo calculation
of pmodelH+ is the only necessary ingredient to price Amer-
ican Bonus Certificates and Barrier Reverse Convertible
contracts.
Appendix C: Alternative stochastic calculation of
δmodel
Following the derived formula for ABC the price:
ΠmodelABC
∼= K − (K −B)(2 + δmodel)pH− + Call(K,S0)
(C1)
and the parameters encountered in the calibrations dis-
cussed in this paper, price sensitivity is not larger than
∆ΠmodelABC /Π
model
ABC < δ
model/20 (the same result applies to
the price of the ABRC contract.
Separately we have found that calibrations performed
using the SLN model are giving accurate enough price
matching in the ranges determined by the barrier con-
ditions (see A). Yet when such a price fit is made, the
Volatility Surface is not matching the outcome of a static
SLN model. Two questions are arising:
• To what extend we can successfully use a SLN
model with time dependent qt?
• What is the accuracy sensitivity if we replace qt
with q0 being some sort of an average?
To elaborate a partial answer to these two questions,
we have studied a fit to a 1 year Volatility Surface of
SPX options. The Volatility Surface was modelled using
a time dependent qt stochastic dynamic following
S˜t = S0 (1 + f˜t) (C2)
df˜t = σt (1 + qtf˜t) dW˜t (C3)
With the following dynamic dependences:
σt = σA t
α (C4)
qt = −qB tβ (C5)
And the parameters σA = 15%, α = 0.124, qB = −3.1
and β = −0.67.
We have solved via Monte-Carlo the equation (C4) and
obtained the following δ ratios for various barrier levels:
Counts Counts Counts below Counts above δd
60% 41101 18981 22120 0.17
65% 59763 27536 32227 0.17
70% 87772 40138 47634 0.19
75% 129513 58833 70680 0.20
80% 192882 86156 106726 0.24
90% 435379 188083 247296 0.31
TABLE III: Number of trajectories that have hit the
Barrier for various Barrier levels with dynamic q
simulation. The total amount of trajectories is N = 106.
Then we performed another Monte-Carlo simulation
using a static q0 = −3.82 which corresponds to qt=0.75
form the previous simulation. We obtained the following
δ hit ratios:
Counts Counts Counts below Counts above δs
60% 47145 11248 13690 0.22
65% 65372 16296 19984 0.23
70% 91829 24227 29891 0.23
75% 131014 36727 45354 0.23
80% 190296 56764 71269 0.26
90% 422157 144681 193829 0.34
TABLE IV: Number of trajectories that have hit the
Barrier for various Barrier levels with static q
simulation. The total amount of trajectories is N = 106.
As we see, the maximal discrepancy of δ is equal to
δs−δd = ∆δ ≤ 0.05. This transaltes to a price sensitivity
of:
∆ΠmodelX
ΠmodelX
< 0.4% (C6)
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On that basis we estimate, that the price sensitivity
of the ABC/ABRC products is not importantly affected
if we use a static q model fitted to approximately dT =
3
4∆T of the product maturity. This is a general indication
that the SLN model is a very efficient pricing tool.
As a separate interesting conclusion, we found that for
a range of parameters, the probability distributions of
the time dependent qt model are very close to the one of
the static Shifted Log-Normal model.
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Price Date Maturity Date Time to maturity(days) # Strikes
02/02/2015
06/03/2015 32 171
10/04/2015 67 164
15/05/2015 102 100
30/06/2015 148 60
18/09/2015 228 74
18/12/2015 319 95
15/01/2016 347 75
17/06/2016 501 81
16/12/2016 683 84
15/12/2017 1047 92
24/03/2015
24/04/2015 31 177
29/05/2015 66 179
30/06/2015 98 59
31/07/2015 129 60
18/09/2015 178 68
15/01/2016 297 75
18/03/2016 360 80
17/06/2016 451 79
16/12/2016 633 82
15/12/2017 997 90
26/05/2015
26/06/2015 31 177
31/07/2015 66 173
28/08/2015 94 180
30/09/2015 127 63
15/01/2016 234 75
18/03/2016 297 81
31/03/2016 310 36
17/06/2016 388 82
16/12/2016 570 84
15/12/2017 934 92
24/08/2015
30/09/2015 37 180
30/10/2015 67 182
27/11/2015 95 177
15/01/2016 144 68
18/03/2016 207 79
17/06/2016 298 76
12/06/2016 480 81
20/01/2017 515 95
16/06/2017 662 89
15/12/2017 844 90
20/09/2015
16/06/2017 635 90
15/12/2017 817 92
22/10/2015
16/06/2017 603 88
15/12/2017 785 92
30/11/2015
16/06/2017 564 87
15/12/2017 746 91
TABLE V: S&P 500 options data set
Appendix D: Market Data- Graphs
The above table is a presentation of the data set of
S&P500 calls and puts that were used to price the Euro-
pean Bonus Certificate. The reason why we chose to have
at least 10 maturities for the first 4 dates has to do with
the fact that the product matures on 24/07/2017 and as
can be seen, for the first 3 pricing dates the only matu-
rities close to that date are 16/12/2017 and 15/12/2017
which is quite far from the product maturity. Hence,
a bigger set of maturities is required in order to obtain
Price Date Maturity Date Time to maturity(days) # Strikes
08/07/2014
15/08/2014 38 21
19/09/2014 73 30
19/12/2014 164 54
20/03/2015 255 21
18/12/2015 528 71
17/06/2015 710 49
16/12/2015 892 70
08/08/2014
19/09/2014 42 26
17/10/2014 70 22
19/12/2014 133 67
20/03/2015 224 21
19/06/2015 315 23
18/12/2015 497 68
16/12/2016 861 70
19/09/2014
17/10/2014 28 21
21/11/2014 63 24
19/12/2014 91 60
20/03/2015 182 21
19/06/2015 273 24
18/12/2015 455 66
17/06/2016 637 51
16/12/2016 819 70
28/11/2014
16/01/2015 49 33
20/02/2015 84 27
20/03/2015 112 46
19/06/2015 203 27
18/09/2015 294 29
18/12/2015 385 67
16/12/2016 749 68
03/02/2015
20/03/2015 45 27
17/04/2015 73 33
19/06/2015 136 45
18/09/2015 227 32
18/12/2015 318 69
17/06/2016 500 40
16/12/2016 682 68
16/06/2017 864 56
01/06/2015
17/07/2015 46 43
21/08/2015 81 49
18/12/2015 200 51
18/03/2016 291 44
17/06/2016 382 51
16/12/2016 564 76
16/06/2017 746 46
01/09/2015
16/10/2015 45 59
20/11/2015 80 41
18/12/2015 108 68
17/06/2016 290 82
16/12/2016 472 76
16/06/2017 654 70
TABLE VI: EUROSTOXX 50 options data set
more accurate interpolation results. For the last 3 pricing
dates (also for the 4th one) we could find options data
maturing on 16/06/2017 which is very close to the prod-
uct maturity. Hence, it is harmless to assume that the
accuracy of the interpolated parameters is high in that
case.
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(a) Fitting results on OTM options
(b) Zoomed fitted prices around the Barrier Level
FIG. 6: S&P 500 Options on pricing date 02/02/2015 with time to maturity T=2.86 years
Price Date 02/02/2015
Time to maturity(days) 32 67 102 148 228 319 347 501 683 1047
SLN q -11.01 -7.7 -6.07 -4.7 -3.16 -2.7 -2.57 -1.82 -1.08 -0.5
σ¯q 0.0508 0.0744 0.0943 0.11 0.1464 0.1698 0.1768 0.2169 0.2642 0.3399
SABR β = 1 ρ -0.85 -0.84 -0.88 -0.9 -0.99 -0.99 -0.99 -0.99 -0.99 -0.99
ν 2.37 1.8 1.15 0.91 0.58 0.49 0.46 0.33 0.21 0.1
TABLE VII: Calibrated Parameters SLN and SABR(β = 1)
10-1 100 101
dt
10-2
10-1
100
σ¯
σ¯=σ¯q
y=−1.6825+0.5412x
0.0 0.5 1.0 1.5 2.0 2.5 3.0
dt
0.2
0.3
0.4
0.5
0.6
|q|
σ¯
|q|σ¯
y=0.5912−0.1620x
FIG. 7: Log-log plot of σ¯ = σ¯q (left), Lin-lin plot of |q|σ¯q (right). S&P500, price date: 02/02/2015
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(a) Fitting results on OTM options
(b) Zoomed fitted prices around the Barrier Level
FIG. 8: S&P 500 Options on pricing date 24/03/2015 with time to maturity T=2.71 years
Price Date 24/03/2015
Time to maturity(days) 31 66 98 129 178 297 360 451 633 997
SLN q -18.13 -9.99 -8.36 -5.61 -4.12 -3.24 -2.36 -2.31 -1.47 -0.75
σ¯q 0.0335 0.0578 0.0738 0.0995 0.1161 0.1482 0.1682 0.1903 0.2302 0.3067
SABR β = 1 ρ -0.83 -0.91 -0.99 -0.99 -0.99 -0.99 -0.99 -0.99 -0.99 -0.99
ν 2.30 1.43 1.17 1.09 0.67 0.52 0.44 0.39 0.25 0.007
TABLE VIII: Calibrated Parameters SLN and SABR(β = 1)
10-1 100 101
dt
10-2
10-1
100
σ¯
σ¯=σ¯q
y=−1.7758+0.6240x
0.0 0.5 1.0 1.5 2.0 2.5 3.0
dt
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60
0.65
|q|
σ¯
|q|σ¯
y=0.6252−0.2128x+0.0255x2
FIG. 9: Log-log plot of σ¯ = σ¯q (left), Lin-lin plot of |q|σ¯q (right). S&P500, price date: 24/03/2015
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FIG. 10: figure
Fitting Results of EUROSTOXX 50 Index Options on pricing date 28/11/2014 with time to maturity T=1.05 years
Price Date 28/11/2014
Time to maturity(days) 49 84 112 203 294 385 749
SLN q -4.23 -2.92 -2.78 -1.73 -1.1 -0.73 -0.0001
σ¯q 0.0573 0.0804 0.0952 0.1312 0.1619 0.1885 0.274
SABR β = 1 ρ -0.53 -0.61 -0.65 -0.7 -0.66 -0.56 -0.54
ν 2.51 1.58 1.24 0.87 0.52 0.46 0.41
TABLE IX: Calibrated Parameters SLN and SABR(β = 1)
10-1 100 101
dt
10-2
10-1
100
σ¯
σ¯=σ¯q
y=−1.6974+0.5684x
0.0 0.5 1.0 1.5 2.0 2.5
dt
−0.10
−0.05
0.00
0.05
0.10
0.15
0.20
0.25
0.30
|q|
σ¯
|q|σ¯
y=0.2692−0.0921x−0.0196x2
FIG. 11: Log-log plot of σ¯ = σ¯q (left), Lin-lin plot of |q|σ¯q (right). EUROSTOXX 50, price date: 28/11/2014
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FIG. 12: figure
Fitting Results of EUROSTOXX 50 Index Options on pricing date 03/02/2015 with time to maturity T=1.86 years
Price Date 03/02/2015
Time to maturity(days) 45 73 136 227 318 500 682
SLN q -4.84 -3.63 -2.4 -1.54 -0.36 -0.22 -0.09
σ¯q 0.0714 0.0913 0.1214 0.1654 0.1993 0.2134 0.2823
SABR β = 1 ρ -0.68 -0.68 -0.59 -0.71 -0.75 -0.69 -0.67
ν 1.83 1.45 1.2 0.81 0.63 0.54 0.48
TABLE X: Calibrated Parameters SLN and SABR(β = 1)
10-1 100 101
dt
10-2
10-1
100
σ¯
σ¯=σ¯q
y=−1.6027+0.4915x
0.0 0.5 1.0 1.5 2.0
dt
0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
|q|
σ¯
|q|σ¯
y=0.4176−0.4313x+0.1170x2
FIG. 13: Log-log plot of σ¯ = σ¯q (left), Lin-lin plot of |q|σ¯q (right). EUROSTOXX 50, price date: 03/02/2015
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FIG. 14: figure
Fitting Results of EUROSTOXX 50 Index Options on pricing date 01/06/2015 with time to maturity T=1.54 years
Price Date 01/06/2015
Time to maturity(days) 46 81 291 382 564 746
SLN q -3.08 -2.61 -1.05 -0.59 -0.34 -0.0001
σ¯q 0.0786 0.0994 0.1791 0.2065 0.2469 0.2919
SABR β = 1 ρ -0.68 -0.67 -0.71 -0.67 -0.61 -0.51
ν 1.41 1.2 0.63 0.53 0.48 0.41
TABLE XI: Calibrated Parameters SLN and SABR(β = 1)
10-1 100 101
dt
10-2
10-1
100
σ¯
σ¯=σ¯q
y=−1.5934+0.4675x
0.0 0.5 1.0 1.5 2.0 2.5
dt
−0.10
−0.05
0.00
0.05
0.10
0.15
0.20
0.25
0.30
|q|
σ¯
|q|σ¯
y=0.2696−0.1101x−0.0103x2
FIG. 15: Log-log plot of σ¯ = σ¯q (left), Lin-lin plot of |q|σ¯q (right). EUROSTOXX 50, price date: 01/06/2015
